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Abstract
Electromagnetic forces act between the rotor and stator when the rotor is performing eccentric
motions with respect to the stator. The aim of this research was to study the charactarestics of the
forces and develop the tools to calculate these forces accurately and as quickly as possible.
A new method, called the impulse method, is developed into the finite element analysis of the
electromagnetic field to calculate the forces for a wide whirling frequency range by one simulation.
The idea of the impulse method is to move the rotor from its central position for a short period of
time. This displacement excitation disturbs the magnetic field and, by doing this, produces forces
between the rotor and stator. Using spectral analysis techniques, the frequency response function of
the forces is calculated using the excitation and response signals. The impulse method is based on
the assumption of the spatial linearity of the force.
The impulse method is utilised in the analysis of the rotor eccentricity. The spatial linearity of
the force and the effects of the circulating currents and saturation on the forces are studied herein.
The field of investigation is enlarged from the cylindrical whirling motion to the conical
motions of the rotor. The modelling of the conical motion requires that the axial variations of the
magnetic field be taken into account. This is done by multislice finite element analysis.
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91. Introduction
1.1  Background of the study
Electrical machine designers and researchers in industry face increasing demands to consider
many physical effects more accurately when they give birth to the next generation of electrical
energy converters, such as electrical machines.
The electrical machines used in variable speed drives and generators are mounted with diesel
motors on common flexible baseframes. Rotation speeds are increasing and the operation at critical
speeds has become an important aspect. Simultaneously, the machines should be lighter, noiseless,
and more reliable and user friendly.
When designing the construction of an electrical machine, the designer has to be aware of the
forces acting on the rotor. In addition to the weight of the rotor and the forces caused by the load,
the electrical machine itself may generate electromagnetic forces that have to be supported by the
bearings.
The radial forces acting upon the surface of the rotor are very large but are cancelled out when
the rotor is concentric with the stator. Similarly, the tangential forces are balanced so that only a
torque on an axially rotating moment is produced. If the rotor becomes eccentric, unbalanced
magnetic pull (UMP) occurs. The phenomenon can be described as an imbalance of the radial and
tangential forces acting upon the rotor (or stator) surface so that a net radial force is developed. The
imbalance of the forces can result in vibration and noise, particularly if exacerbated by a flexible
shaft, culminating in the possibility of the stator and rotor touching. It can also lead to a reduction in
the critical speed, which is an important aspect in high-speed machine design.
Induction machines, which usually have small air gaps, are especially vulnerable to slight
variations in the dimensions of the stator, rotor, end rings and bearings which can lead to significant
variation of the air gap between the stator and rotor at different angular positions. Taking into
account the manufacturing tolerances, one can assume that the rotor is hardly ever perfectly
concentric and aligned with respect to the stator, and some net force is acting between the rotor and
stator.
The eccentric motions of the rotor, including stationary rotor displacement, can be described by
whirling motions of the rotor. The cylindrical circular whirling motion means that the centreline of
the rotor travels around the geometrical centreline of the stator in a circular orbit, with a certain
frequency, known as the whirling frequency, and with a certain radius, known as the whirling
radius. The often mentioned basic modes, static and dynamic eccentricity, are two special cases of
whirling motion. The static eccentricity means that the rotor displacement is stationary with respect
to the stator, i.e. the whirling frequency is zero. In dynamic eccentricity, the position of the
minimum air gap rotates with the rotor, i.e. the whirling frequency is the same as the mechanical
angular speed.
Knowledge of the electromagnetic forces at different whirling frequencies provides a good basis
for designers and researchers with which to deal with some of the demands that exist for the next
generation electrical machines.
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1.2 Calculation of electromagnetic forces
The electromagnetic forces acting between the rotor and stator when the rotor is eccentric with
respect to the stator have been the point of interest and mathematical models have been developed
almost through the whole history of the electrical machines. The mathematical models can be
applied in analytical calculations or numerical analysis. In this subchapter, these methods of
analyses are introduced shortly. A deeper literature study is presented in Chapter 2.
1.2.1. Analytical methods
Analytical calculation of the electromagnetic forces has, until now, been the most widely used
method for computing the electromagnetic forces. The basics of the theory of air gap permeance
harmonics is more than 50 years old and it has been developed further and utilised because it has
given suitable results. Another sometimes-used analytical method is the conformal transformation
technique coupled to a winding impedance approach. The analysis of air gap permeance harmonics
is a general method, which can be used to calculate the electromagnetic forces or the force
distribution in the machine’s air gap. The conformal transformation technique is a more specific
tool developed to calculate the forces when the rotor is eccentric.
The advantage of the analytical methods is that they rapidly give a general conception of the
forces and their sources. The calculation times are very short but unfortunately a number of
simplifications have to be performed in problem settings. Because of the simplifications and the
nature of the analytical methods, some parts of the results, such as the frequencies of the force
components, can be calculated very accurately but respectively, the amplitudes of these force
components are usually just indicative. Despite the drawbacks, analytical methods are useful when
studying the theory behind the behaviour of electrical machines.
1.2.2. Numerical methods
Progressive improvement in the power and speed of computers has resulted in a situation in
which time-stepping finite element analysis of electrical machines is used as both a research and
industrial tool. For most types of electrical machines the modelling is two-dimensional. Their
potentially more accurate three-dimensional counterparts require one or two orders of magnitude
more of computer resources, so they are still beyond the bounds of economic viability.
Force calculation using numerical methods has been a popular research topic during the last few
decades, but the numerical field calculation methods have only rarely been used for analysing
eccentric rotors.
The finite element method (FEM) has been used in all the numerical analyses of eccentric
rotors. Two-dimensional FEM has very good accuracy when calculating the forces. Unfortunately,
the required simulation times are very long in transient analysis before the steady state and reliable
results are reached.
The other numerical methods the boundary element method (BEM) and the reluctance network
method (RNM) have not been used to analyse electrical machines with eccentric rotors. BEM has
been of growing importance in recent years. Many scientific papers have dealt with the applications
of this method. However, there is little sign that BEM can be applied more efficiently for modelling
11
electrical machines than FEM recently, but the intensive research about boundary element method
might offer this possibility in the future.
The reluctance network method has not been at the top of the list of research methods over the
last years but it may have some advantages over FEM. In particular, in the modelling of two-pole
machines, in which rotor eccentricity may cause a notable homopolar flux, RNM may be even a
better tool than the FEM. The homopolar flux can be taken into account in the RNM, but in the
widely used formulation of the two-dimensional FEM, it is almost impossible.
1.3 Aim of the work
The main task in this study was to calculate the electromagnetic forces in induction machines
acting between the stator and whirling cage rotor during different kind of whirling motions.
The main part of the study was developing the calculation methods. Analytically, the calculation
of the forces is quite quick but the drawback of the analytical methods is the poor level of accuracy.
Numerically, respectively, the accuracy is very good but the calculation of the forces has really
been time consuming. One goal of the work was to develop a fast finite element tool for calculating
the net force acting between the rotor and stator, which has a level of accuracy that is competitive
with the analysis, used before.
Another main goal of this study was to create a finite element model, which calculates the axial
distribution of the radial forces between the rotor and stator when the rotor is not aligned with the
stator.
1.4 The scientific contribution of this work
The most notable scientific contributions of this study are listed below.
1. Modeling the three-dimensional effects of the motor using time-stepping, multi-slice finite
element analysis.
2. Developement of the impulse method to calculate the electromagnetic forces acting between the
stator and whirling cage rotor (together with Timo Holopainen, details of contributions are
given in Section 1.5 Structure of the work in Publication 3).
3. Calculation of the electromagnetic forces when the rotor is not aligned with the stator.
4. New knowledge of the effects of equalising currents and saturation on the electromagnetic
forces when the rotor is performing eccentric motions with respect to the stator.
Each item from the list above is discussed in sections presented in the publications.
1.5 Structure of the work
The research work accomplished for this thesis can be divided into the following major steps:
1. A detailed literature review in Chapter 2 is given to present the state of the art of the methods
used to analyse a motor with an eccentric rotor and to calculate the electromagnetic forces
acting between the stator and rotor.
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2. Overview of the new methods in the finite element analysis developed in this study is presented
in Chapter 3.
3. Measurement of the electromagnetic forces on the whirling cage rotor is presented in Chapter 4.
4. Results of calculations with the comparison with the measured forces are given in Chapter 5.
5. The calculation methods used and results obtained are discussed in Chapter 6.
In the following chapters, these steps will be presented and explained in details as separate
entities. Steps from 2 to 5 are based on the publications. The publications are reprinted in the
Publications chapter at the end of the thesis.
Publication P1
Publication P1 presents the multi-slice finite element model. Some of the three-dimensional
effects of the motor are taken into account by enlarging the two-dimensional finite element analysis
by taking a set of cross sections of the motor and coupling them together. The model is originally
developed to model the effects of skewing in induction motors but it is also used to model the
conical motions of the eccentric rotors. The model is validated by measurements. The results of the
measurements and calculations show very good agreement.
There is nothing new in the idea of modelling the axial variations of the magnetic field in the
motor with a set of the coupled two-dimensional models. In the multi-slice time-stepping model
proposed in this publication, the field and electric equations are discretized and solved together. The
main contribution of the presented model is the use of rotor bar currents as a variable in the model.
In some cases, a straight use of bar currents as a variable is not possible because of singular
matrices of the rotor cage impedances. The method for solving the problem of matrix singularity is
presented in this publication.
The paper has been written by Asmo Tenhunen. The multi-slice model presented in the
publication is built by Asmo Tenhunen. Professor Antero Arkkio, the supervisor of the thesis,
contributed with his insight to build the finite element model.
Publication P2
Publication P2 is one of the first studies in which the electromagnetic forces acting between the
stator and diagonal eccentric rotor are studied. In this paper, the force calculation routine used in
this thesis was implemented into the multi-slice model. The publication is focused on two special
cases of whirling motion, static and dynamic eccentricity. In the time-stepping finite element
analysis, the position of the centre point of the rotor in each slice is forced to move along a path at
constant speed to model the eccentric motion of the rotor. Later on, this method for analysing the
eccentric rotor is called the forced whirling method.
The electromagnetic forces are calculated as a function of slip for three different types of
eccentricity; 1) rotor is aligned with stator, 2) one end of the rotor is eccentric and another one is
concentric, and 3) eccentricity in opposite directions at each end. The effects of parallel-connected
poles in stator winding on the forces are also studied. The results show that the type of eccentricity
and the connection of the stator winding have a strong influence on the forces. The results also
show that if the interbar currents are neglected, the circulating currents cannot be induced due to
conical motion (case 3), and the forces are independent of the whirling frequency. In the paper, the
influence of the closed rotor slots on the magnetic field and forces are also briefly discussed.
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The paper has been written by Asmo Tenhunen. The paper acknowledges Professor Antero
Arkkio for his valuable help during the work.
Publication P3
The huge calculation times and requirements for computers have limited enthusiasm for
studying the electromagnetic force acting between the stator and the whirling rotor. Publication P3
presents a new and fast method called the impulse method, applied to the time-stepping finite
element analysis to calculate the forces for a wide whirling frequency range by one simulation. The
idea of this method is to move the rotor from its central position for a short period of time. The rotor
displacement excitation produces harmonic fields into the air gap and, by doing this, creates forces
between the rotor and stator. Using spectral analysis techniques, the frequency response function of
the forces is calculated from the excitation and response signals. The method is based on the
assumption of the spatial linearity of the force. If the system is linear and there are no hidden
sources inside the system, the transfer function, defined by impulse excitation, is exactly the same
as the frequency response obtained by harmonic excitation, i.e. by the forced whirling method.
In the publication, the forces calculated by the impulse method are compared with the results
got from conventional calculation. The two methods yield almost identical results. The new method
is computationally very efficient requiring less than 5 % of the computational time of the
conventional method when studying the forces as a function of the whirling frequency. The
advantage of the impulse method is that it gives the forces for a wide whirling frequency range,
including special cases, the static and the dynamic eccentricity, in one simulation.
The paper has been written by Asmo Tenhunen. Timo Holopainen discovered the original idea
of the impulse method and developed the first working analytical implementation on which the
presented impulse method is based. Professor Antero Arkkio, who has been the co-author of the
paper, contributed with his valuable comments and insight.
Publication P4
The use of the impulse method in the force calculation is based on the assumption of the spatial
linearity property of the force. The publication presents analytically the background of the
assumption of the spatial linearity property of the forces and the limits within which the assumption
is valid. Then, the spatial linearity is studied numerically utilising the impulse method in the finite
element analysis to calculate the frequency responses of the forces at different values of amplitude
of the pulse, supply voltage and slip. The assumption of linearity is valid if the frequency response
of the force is independent of the amplitude of the excitation pulse.
The calculations are done for two different induction motors, one with open and another with
closed rotor slots. The results show that the assumption of spatial linearity is usually valid for small
values of the relative rotor displacement, but the closed rotor slots may break the linearity property
in some operating conditions. Despite the exception with closed rotor slots, the paper offers
corrobatitive evidence for the use of the impulse method for the calculation of the forces between
the stator and the eccentric rotor.
Asmo Tenhunen has written the paper. The co-authors Timo Holopainen and Antero Arkkio
contributed to the paper with their valuable comments.
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Publication P5
Magnetic saturation influences strongly on the magnetic fields in electrical machines. In
Publication P5, the effects of magnetic saturation on the electromagnetic forces are studied when
the rotor is performing cylindrical circular whirling motion. The impulse method in the finite
element analysis is utilised to calculate the forces for a 15 kW induction motor. The forces are
calculated at different supply voltages in order to find out the effects of saturation on the forces. The
maximum radial force is found to be limited by saturation and the saturation also couples the
eccentricity harmonics together.
The paper has been written by Asmo Tenhunen. The co-authors Timo Holopainen and Professor
Antero Arkkio contributed to the paper with valuable comments.
Publication P6
In Publication P2, the effects of circulating currents in the parallel branches of the stator
windings on the forces were studied in two special cases of whirling motion. The impulse method,
presented in Publication P3, provided a possible method for studying the effects of the circulating
currents in a wide whirling frequency range. In publication P6, the damping effects of the
equalising currents in the rotor cage and in the stator windings on the forces are studied utilising the
impulse method. Based on the results presented in Publication P2, the paper focuses on the
cylindrical whirling motion of the rotor.
The contribution of the publication is that it shows how the damping effects of the circulating
currents on the forces depend on the geometry of the motor and it also presents the dependence
between the whirling frequency and circulating currents when the stator pole pairs are connected in
parallel.
Asmo Tenhunen has written the paper. The co-authors Timo Holopainen and Professor Antero
Arkkio contributed with valuable advises during the work.
Publication P7
Publication P7 deals with the electromagnetic forces in induction machines when the cage rotor
is performing different kinds of whirling motions. The studied whirling motions are cylindrical,
symmetric conical and a combination of these two whirling motions. The studied motions describe
the eccentric motions of the rigid rotor. The axial variation of the force acting between the stator
and rotor performing a conical motion is taken into account by calculating the forces using the
impulse method in the multi-slice finite element analysis. The force distribution in the axial
direction in the conical motion is described by the net force and the moment of the force about the
centre point of the rotor. The net force and the moment were measured for an induction motor using
active magnetic bearings. The measurement is described in the publication.
The results presented in the publication show that the superposition principle is valid, the forces
of the different kinds of whirling motions can be combined and the result is the force of the
combined motion. The publication presents a low order force model to describe the forces acting
between the stator and eccentric rigid rotor.
Asmo Tenhunen has written the paper. Tommaso Benedetti performed the measurements. Timo
Holopainen contributed with precious comments on enlarging the parametric force model. Professor
Antero Arkkio contributed with his vast experience with force calculation and measurements.
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Publication 8
Publication P8 widens the study contained in Publication P7, in which both the cylindrical and
symmetric conical whirling motions had the same whirling frequencies in the combined motion.
Publication P8 however, focuses more on the measurements than Publication P7 does.
The main contribution of the publication is to show that the superposition is valid when
combining the forces of basic modes of the whirling motions with small values of eccentricity,
despite the whirling frequencies.
The paper has been written by Asmo Tenhunen. Tommaso Benedetti performed the
measurements. Timo Holopainen and Professor Antero Arkkio contributed with their valuable
comments during the work.
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2. Overview of the electromagnetic field and force calculation
A short summary about the basic theory behind the electromagnetic forces and the most
significant analytical and numerical methods in concern with the topic are presented in this chapter.
The purpose of the following literature review is to highlight the major lines of research and
achievements concerning the topic.
Laws governing electromagnetic fields can be expressed very concisely by a single set of
equations, namely those associated with the name of Maxwell. The basic variables are the following
Electric field strength E
Magnetic field strength H
Electric flux density D
Magnetic flux density B
Electric current density J
Electric charge density ρ
Time t
The Maxwell relations may be cast in differential form:
t
∂∇× = −
∂
BE (2.1)
t
∂∇× =
∂
DH J + (2.2)
ρ∇⋅ =D (2.3)
0∇⋅ =B (2.4)
To these differential relations are added the constitutive relations:
ε=D E (2.5)
ν=H B (2.6)
σ=J E (2.7)
These describe the macroscopic properties of the medium dealt with in terms of permittivity ε,
reluctivity ν and conductivity σ.
For electrical machines, the reluctivity ν of the laminated iron core is field dependent and might
be highly non-linear (Silvester and Ferrari, 1990). The polarisation and displacement current are
assumed to be small compared with the conductive currents in the conductors
t
∂
∂

D J (2.8)
So, the last term of Equation (2.2) can be ignored. At the frequencies encountered in electrical
machines this is a good approximation.
In the finite element formulation of electromagnetic field problems, magnetic vector potential A
can play an important role. It is commonly used in the solution of two-dimensional magnetic field,
because in that case it reduces to a single component variable. To satisfy the non-divergence of the
magnetic field, the vector potential is defined so that its curl is equal to the magnetic field density
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= ∇×B A (2.9)
Accordingly ( ) 0∇⋅ ∇× =A  is satisfied for any A. However, to define the vector potential
uniquely, Equation (2.9) alone is not enough. In magnetostatic field problems the Coulomb gauge is
usually used to specify the magnetic vector potential
0∇⋅ =A (2.10)
Equations (2.1) and (2.2) can be formulated by the use of the magnetic vector potential and
Equations (2.6) and (2.8)
( )
t t
∂ ∇× ∂∇× = − = −∇×
∂ ∂
A AE (2.11)
( )ν∇× ∇× =A J (2.12)
This expression can be written into (2.13) where the appearance of φ−∇  is no surprise since
( ) 0φ∇× ∇⋅ ≡ . The symbol φ stands for the reduced electric scalar potential
t
φ∂= − −∇
∂
AE (2.13)
Substituting (2.13) into (2.7), we get the equation concerning the current density (2.14)
t
σ σ φ∂= − − ∇
∂
AJ (2.14)
It satisfies the continuity condition
0∇⋅ =J (2.15)
The equations for the vector and scalar potential are obtained by substituting Equation (2.12) in
Equations (2.14) and (2.15)
( ) 0
t
ν σ σ φ∂∇× ∇× + + ∇ =
∂
AA (2.16)
( ) 0
t
σ σ φ∂ ∇⋅ +∇ ⋅ ∇ = ∂ 
A (2.17)
Equation (2.10) is required for the uniqueness of the solution.
In a general three-dimensional case, there are four unknown quantities, the components of the
magnetic vector potential and the electric scalar potential in Equations (2.16) and (2.17). The
unknown quantities depend on three spatial co-ordinates and time. Because of the complicated
geometry of the electrical machines and the non-linearity of iron, solving the three-dimensional
fields requires huge computer resources and computation times. The solution of the field equations
becomes much easier if it is possible to use a two-dimensional model in which the material
quantities are independent of the z-coordinate and the magnetic vector potential and current density
are given by
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( , , ) zA x y t=A e (2.18)
( , , ) zJ x y t=J e (2.19)
in which x and y are the Cartesian coordinates and ez is the unit vector parallel to the z-axis. The
expressions of the vector potential and current density in (2.18) and (2.19) give satisfactory
approximations for the field and current density in the core region of the unskewed electrical
machines.
2.1 Calculation of the forces
The calculation of the electromagnetic forces has been a very popular research topic during the
last decades. There are two basic methods used to calculate the forces acting between the rotor and
stator, namely methods based on the Maxwell’s stress and methods based on the principle of the
virtual work. The basic equations for these methods are presented in this section.
Maxwell stress tensor
The methods based on the Maxwell stress tensor are commonly used in the calculation of forces
and torques in the finite element analysis of electric devices (Reichert, Freundl and Vogt, 1976).
The electromagnetic force is obtained as a surface integral
S
dS= ⋅∫F σ (2.20)
( ) 2
0 0
1 1
2S
dS
µ µ
 
= ⋅ − 
 
∫F B n B B n (2.21)
where σ is Maxwell stress tensor, n is unit normal vector of the integration surface S and B is
magnetic flux density. In a two-dimensional model, the surface integral is reduced to a line integral
along the air gap. If a circle of radius ri is taken as the integration path, the force is obtained from
the equation
( )2 2 2
0
0 0
1 1
2r r r
B B B B rd
π
φ φ φ φµ µ
 
= + − 
 
∫F e e (2.22)
where Br, Bφ are the radial- and tangential-components of the flux density. If the solution were
exact, the force would be independent on the integration radius ri when ri varies within the air gap.
However, the calculated force depends greatly on the choice of the integration radius. More reliable
results are obtained if the line integral in Equation (2.22) is transformed to a surface integral over
the cross section of the air gap (Arkkio, 1987)
( )
ag
2 2
s r 0 0
1 1 1
2r r rS
B B B B dS
r r φ φ φµ µ
 
= + − 
−  
∫F e e (2.23)
where rs and rr are the outer and inner radii of the air gap and Sag is the cross sectional area of the air
gap. The drawback of the above method is the assumption of the rotational symmetry. In case of the
rotor eccentricity, the previous method is not valid. At small eccentricities, however, an
approximate solution can be calculated by using approximation ∆r(ϕ) = rs(ϕ)-rr(ϕ) (Antila, 1998).
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Methods based on Maxwell’s stress are commonly used in analytical studies with some
simplifications. Supposing that the permeability of the core material is infinite, the flux lines enter
and leave the stator and rotor surfaces perpendicularly. Maxwell’s stress tensor σ(x,t) is then
calculated from the radial component of the flux density distribution in the air gap Br(x,t)
(Früchtenicht, Jordan and Seinsch, 1982)
( )2
0
1( , ) ( , )
2 r
x t B x tσ
µ
= (2.24)
The flux density distribution can be solved by harmonic analysis of the air gap fields or by using
the conformal transformation technique. The force is then obtained by integrating the Maxwell’s
stress tensor around the rotor (Früchtenicht et al., 1982).
Virtual work
Coulomb (1983) presented a method, based on the principle of virtual work, for calculating the
forces from a finite element solution. In this method, the force is calculated as a partial derivative of
the coenergy functional with respect to virtual movement
( )c 0VW d dV= ∫ ∫H B H (2.25)
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where Wc is the coenergy functional and F is the force vector. The force in the direction of x is
calculated as follows
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where the summation is done over virtually distorted finite elements. When applying this method to
electrical machines, the summation is over the air gap elements (Antila, Lantto and Arkkio, 1998).
GJ is the Jacobian matrix, which couples the local coordinates and the global ones.
2.2 Analytical methods
According to von Kaene (1963) and Dorrell (1993), the occurrence and the causes of net radial
force, or as it is traditionally called unbalanced magnetic pull (UMP), have been discussed for more
than one hundred years (Fisher-Hinnen, 1899). As early as 1918, a review of work already carried
out was published (Gray and Perch, 1918). Early papers, such as that of Rosenburg (1918) used B –
H curves in order to try to calculate the imbalance of flux in the air gap and hence quantify UMP.
Robinson (1943), Crawford (1951) and Covo (1954) were still using this method, making little
distinction between the different non-salient machines.
Summers (1955) began to develop the theory of electromagnetic forces by using rotating field
components in a two-pole machine. Based on the theory of rotating fields, Freise and Jordan (1962)
derived equations for the forces caused by eccentricity. In these equations they used damping
factors for taking into account the force reduction caused by equalising currents. They also noticed
20
that these currents change the direction of the force from the direction of the shortest air gap. In
addition, they discussed the effect of eccentricity forces on the critical speed of a rotor. Meiler et al.
(1973) compared the forces measured for several asynchronous motors with the corresponding
analytical results. The agreement was often quite bad. The authors longed for better methods of
modelling the effects of equalising currents, stator and rotor slotting, leakage flux and saturation.
Some years later, Jaenicke and Jordan (1976) presented equations for taking these factors
approximately into account. The theory of the rotating fields in the air gap has become the most
common analytical method to calculate the forces acting between the rotor and stator and it is
widely used in the studies of the noise and vibrations in electrical machines (Ellison and Yang,
1974), (Heller and Hamata, 1977), (Timar, 1989), (Dorrell, 1993), (Maliti, 2000).
Tereshonkov (1989) used the rotating field theory when he enlarged the study of varying air gap
length by taking the core ovalities into account in his investigation. He presented a table of spatial
orders and angular frequencies at which the static and dynamic eccentricity and rotor and stator
ovality cause forces.
Freise and Jordan (1962) showed that two-pole machines are special cases where homopolar
flux exists. This flux crosses the air gap only once and returns via the shaft and casing. The theory
of the rotating fields shows that the homopolar flux can exist in any machine but it is most likely to
be significant in two-pole machines (Kovacs, 1977), (Belmans, Vandenput and Geysen, 1987a),
(Belmans, Vandenput and Geysen, 1987b).
Swann (1963) gave an interesting solution of a series connected machine with a blank rotor. He
used a conformal transformation of two eccentric circles to two concentric circles, hence
transforming a machine with eccentric rotor and symmetrical windings to one with a concentric
rotor but asymmetrical windings. Once the field in the air gap is solved in the latter, it can be
mapped back to the former. Later on, Dorrell and Smith (1994) developed this technique coupled to
a winding impedance approach to analyse induction motors with eccentric rotors. The use of the
coupling enables the modelling of any kind of stator winding connections, including parallel
branches in the stator winding. The conformal transformation technique has not become a widely
used tool to analyse the rotor eccentricity and the forces due to the eccentricity.
A technique for representing rotating fields as space vectors was put forward by Kovács and
Rácz (1959) and continued by Stepina (1970). Another space vector method developed more
thoroughly by Eastham and Williamson (1973) and furthered by Smith and Dorrell (1996) allowed
the calculation of an impedance matrix defining all stator and rotor currents and fields. Dorrell
(1995) and (2000) extends the analysis much further allowing the non-uniform eccentricity to be
modelled.
The method, based on the coupled magnetic circuit approach has been developed to model the
effects of eccentricity during the last years (Toliyat et al., 2000a) (Joksimović et al., 2000). This
model is derived by means of winding functions. The effect of eccentricity is included in
calculations of machine inductances. This kind of model allows all harmonics of magnetomotive
force to be taken into account, so it can be used to study the effects of eccentricity on the converter
supplied motor or sinusoidal supplied motor in transient or steady state operation.
Most of the references given above focus on the two special cases of whirling motion, i.e. static
and dynamic eccentricity. Früchtenicht et al. (1982) derived the equations for the forces in induction
machines in cylindrical circular whirling motion. They also considered the equations of the motion
of the rotor, and showed that the tangential component of the force has a significant effect on the
stability of the motion.
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2.3 Numerical methods
The most convenient way to analyse the effects of rotor eccentricity on the electromagnetic
forces is to perform the finite element analysis (FEA). The basic theory of the finite element method
and the use of it to analyse electrical machines is presented in (Arkkio, 1987), (Silvester and Ferrari,
1990) and (Salon, DeBortoli and Palma, 1990). A solution of the complete, three-dimensional
magnetic field of an induction machine is still too large a task for present day computers. This
means that only the eccentric rotors, which are parallel with the stator, can be modelled. Usually,
some simplifications also have to be done to keep the amount of the computation at a reasonable
level. The magnetic field is assumed to be two-dimensional. End-region fields are modelled
approximately by constant end-winding impedance in the circuit equations of the windings (Arkkio,
1987).
The assumption of the two-dimensional field makes it very difficult to model the homopolar
flux. Thus, the homopolar flux is usually neglected in the finite element analysis (Silvester and
Ferrari, 1990).
Computation times are usually quite long when computing eccentric fields, because the whole
cross section of the motor has to be modelled and the eccentricity creates notable harmonics into the
rotor currents, which are not included in the computation of the initial guess. The lacks of the initial
guess lead to long simulation times (Maliti, 2000).
The long simulation times and the size of the problem may be the reason why numerical
methods have only rarely been used for analysing eccentric rotors (Stoll, 1997). Nevertheless, as
long ago as 1982 Benaragama (1982) used finite element analysis, although without the rotor eddy
currents, to study unbalanced magnetic pull in a synchronous generator.
DeBortoli et al. (1993) and Salon et al. (1992) used a time-stepping finite element method for
studying the equalising currents set up by an eccentric rotor in the parallel circuits of the stator
windings. They also presented some results of the force calculation.
Arkkio and Lindgren (1994) also used time-stepping FEA to study the unbalanced magnetic pull
in a high-speed induction motor. They validated their calculated forces by measurements, in which
they used magnetic bearings. In References (1996) and (1997) Arkkio studied unbalanced magnetic
pull for motors with different kinds of rotor asymmetry, including eccentricity. His study includes
both static and dynamic eccentricity and the effects of equalising currents in stator windings. The
rotor abnormalities are also studied in (Bangura and Demerdash, 2000a) and (Bangura and
Demerdash, 2000b) where the effects of rotor eccentricity on the currents, torque and losses are
discussed from the condition monitoring point of view.
Arkkio et al. (2000) also studied electromagnetic forces, mostly in the cylindrical circular
whirling motions by the finite element analysis and validated their results by measurements. Based
on the results of their calculations, they developed a low order force model (2.28) which presents
the forces as a function of the whirling frequency ωw assuming that the force F is a linear function
of the displacement pc
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F i k p i
i z i z
ω ω
ω ω
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− +
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in which i is imaginary unit and k0, kp-1, kp+1, zp-1 and zp+1 are the complex valued parameters of the
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force model. The subscripts p-1 and p+1 refer to the respective eccentricity harmonics of the
electromagnetic fields. Because the determination of the parameters of the force model (2.28) is
done by finite element analysis, the effects of equalising currents, saturation and stator and rotor
slotting are included in the model.
Numerical analyses are going further quite fast. Coupling between the mechanical system and
the electromagnetic system has already done in (Ha and Hong, 2001) and (Holopainen, Tenhunen
and Arkkio, 2002) for two-dimensional problems. Studying the coupled problems gives new aspects
to analyse the rotor eccentricity. Thus, it is possible to explain the interaction between the rotor
vibration and its resulting change of magnetic field (Ha and Hong, 2001).
Analytical methods are quite often used to study a background of the problem and to explain the
results of numerical analysis. An interesting direction for analysis is to fit the results of numerical
analysis into the simple parametric model (Arkkio et al., 2000) and use the parametric model as a
tool of investigation. Holopainen et al. (2002) studied the electromechanical interaction by coupling
the parametric force model and simple mechanical model. The comparison between the results of
the complete numerical model and the new parametric model show very good agreement.
From the numerical studies of the electromagnetic forces acting on an eccentric rotor, the
method based on the principle of virtual work is used in (Arkkio, 1987), (Arkkio and Lindgren,
1994), (Arkkio, 1996), (Arkkio, 1997) and (Holopainen et al., 2002). The methods based on the
Maxwell stress tensor are used in (Maliti, 2000), (DeBortoli et al., 1993), (Salon et al., 1992) and
(Ha and Hong, 2001).
2.4 Conclusions
At the beginning of this chapter, the basic laws and equations of electromagnetic fields are
presented. The state of the art of the calculation of electromagnetic forces between the stator and the
eccentric rotor is also discussed from the analytical and numerical point of view.
The occurrence and causes of net radial force have been discussed and analytical methods have
been developed virtually throughout the entire history of electrical machines. However, numerical
methods have only rarely been used for analysing eccentric rotors, perhaps because of the long
simulation times. During the last decade numerical methods have started to displace analytical
methods as a research tool. Both of the methods have their own advantages and disadvantages.
Analytical methods obtain the results quickly but especially the amplitudes of the forces are very
difficult to calculate accurately. Knowledge of the sources of the forces and good accuracy with the
frequencies are clear advantages of analytical methods. The numerical results have very good
accuracy but the analysis is usually very time consuming when dealing with rotor eccentricity.
One would wish to have the speed and the simplicity of the analytical methods and the
flexibility and relatively straightforward applicability of the finite element method in one package.
In this thesis, the electromagnetic forces acting between the stator and eccentric rotor are studied
by numerical means. This way, the accuracy of the force calculation can be maintained. The
impulse method in the finite element analysis is utilised in the force calculation in order to obtain
acceptable calculation times. The main advantage of the impulse method is that one simulation of
multi-slice time-stepping finite element analysis gives the electromagnetic forces for a wide
whirling frequency range. The use of the multi-slice model allows the axial variations in the air gap
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length to be taken into account. The calculation method is presented, discussed and validated in the
following chapters of this thesis.
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3. New methods of analysis
This chapter presents the main developments achieved for finite element analysis in order to
reach the goals of the study.
The axial variation in the magnetic field is a problem in the two-dimensional FE analysis. Rotor
skewing is a well-known source of axial variations. Usually the numerical models, which can
handle the axial variations, are done for modelling the rotor skewing. The conical whirling motion
of the rotor is also a source for the axial variations of the magnetic field. In this thesis, the multi-
slice finite element analysis is used to take the axial variations of the field into account when the
rotor is performing conical whirling motion. The multi-slice model is presented in Publication P1
and it is briefly presented in Section 3.1. The first time, when the multislice model is applied to the
analysis of the rotor eccentricity is Publication P2.
As was mentioned in the previous chapter, the problem of the required magnitude of computer
resources and the huge calculation times have limited enthusiasm for using numerical methods as a
research tool when studying rotor eccentricity. The impulse method is an approach that improves
the usability of the time-stepping finite element analysis presented in this thesis. The impulse
method is presented in Publication P3 and briefly in section 3.2. The use of the impulse method is
based on the assumption of the spatial linearity property of the electromagnetic force. The spatial
linearity is studied in Publication P4.
3.1 Multi-slice model
The used multi-slice model was originally developed for analysing the effects of rotor skew in
induction machines (Tenhunen, 2000). If the rotor slots are skewed, the magnetic field is no longer
constant in the axial direction and these changes in the fields have to be included into the model
some way or another. The use of 3D FEM is one solution, but the size of the problem and
computation times limit the use of 3D modelling. An alternative method is to use a multi-slice
model, in which 3D effects are included into the 2D FEM by taking a set of cross sections of the
motor perpendicular to the stator axis and coupling the slices together. The idea of the technique is
illustrated in Figure 3.1.
Figure 3.1. Presentation of the multi-slice model.
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There are many variations of applying the multi-slice technique into the finite element analysis.
Arkkio (1987) used a slice model with time-harmonic FEM to study skewed cage induction
machines. Williamson (1990) used separate field and circuit models where the induced rotor bar
currents were calculated using time-stepped circuit equations.
Gyselinck and Melkebeek (1995) and Boualem and Piriou (1998) solved the field and circuit
equations together as a system of equations. They developed the model in magnetodynamic by
coupling the magnetic and circuit equations for the stator and rotor. In the rotor side, the bar
currents are unknowns but for a given bar, the current is the same in different machine sections. In
these conditions, the coupling model implies the simultaneous solution of the coupled equations in
the “n” disks. The unknowns are the nodal values of the vector potential, the slot currents in the
stator side and bar voltages in the rotor side. These last ones are obtained by adding the electric
scalar potentials calculated in each section. Ho, Fu and Wong (1997) built up their model almost in
the same way, except that in their model, instead of the potential difference equations, the end
winding circuit equations gave rise to the governing formulas in the rotor domain. Later on, they
developed their model further by allowing the interbar currents to flow from bar to bar through the
rotor package (Ho, Li and Fu, 1999).
In the present work, I propose a multislice time-stepped model, in which the field and circuit
equations are solved together as a system of equations. The slices are coupled together by forcing
the currents of the rotor bars and the stator winding to be continuous from slice to slice. The free
variables of the system are the magnetic vector potential, rotor bar currents and stator currents.
Normally in FEM calculations, stranded conductors have current excitation and solid conductors,
such as rotor bars, have potential difference excitation. The continuity of the currents from slice to
slice is included directly into the solved equations when the current excitation is used in the rotor
bars. Unfortunately, the straight use of rotor bar currents as variables is not possible because of the
singular matrices of the rotor cage impedances when the whole cross section of the motor is
modelled. Publication P1 presents a method for avoiding the problem of matrix singularity.
Figure 3.2 shows how the conical motion of the rotor is modelled by the multi-slice technique.
The motor is divided into the three slices with equal length. Each of these slices is modelled by a
cross section taken from the middle of the slice. The centre point of the rotor in each of the slices is
forced to move along a path defined by the whirling radius and frequency. The electromagnetic
force acting between the stator and rotor can then be calculated as a slice force and the net force is
the sum of the slice forces.
∆g
∆g
stator
rotor
ωw
1. slice 2. slice 3. slice
Figure 3.2. Conical motion of the rotor modelled by multi-slice technique. ∆g is the whirling radius.
In the presented multi-slice model, the two-dimensional slices are coupled together by using the
rotor bar currents as variables and forcing them to be continuous from slice to slice. This choice of
variables prevents the inclusion of the interbar currents into the model.
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3.2 Impulse method for force calculation
The background of the impulse method can be said to be the study made by Arkkio et al. (2000),
in which the electromagnetic forces are calculated as a function of the whirling frequency. They
modelled the whirling motion by forcing the centre point of the rotor to move along a circular path
at a constant speed i.e. they used a harmonic excitation to create the forces. Because the harmonics
of the rotor currents, caused by the eccentricity, are not taken into account in the initial guess of the
magnetic field, long simulations are required before the steady state is reached and the forces are
calculated accurately. Also, numerous simulations are needed before the forces, as a function of
whirling frequency, i.e. the frequency response function (FRF) of the force, are determined.
In mechanical engineering, the vibration characteristics of a system are widely studied by
defining the frequency response function using different kinds of excitation, including harmonic
and impulse excitation. The transfer function K(s) is a generalisation of the frequency response
function K(iω). If the system is linear and there are no hidden sources inside the system, the transfer
function, defined by impulse excitation, is exactly the same as the frequency response, obtained by
harmonic excitation (Ewins, 2000).
An impulse method is proposed to calculate the forces between the rotor and stator when the
rotor is displaced from the centre point of the stator. For the force - displacement relation in
electrical machines, the connection between the transfer function and frequency response function
is presented in (Holopainen et al., 2003).
The basic idea of the approach is to move the rotor from its central position for a short period of
time. This displacement excitation disturbs the flux density distribution and, by doing this, produces
forces between the rotor and stator. Using spectral analysis techniques, the frequency response
function is defined from the excitation and response signals. The force is then obtained from the
frequency response function. Figure 3.3 illustrates the impulse method utilised in the force
calculation.
Time-stepping finite element analysis
Definition of the excitation pulse
Time history of the force from the FEA
Spectral analysis to define the
frequency response of the force
Figure 3.3. The flow chart of the force calculation by impulse method.
During the time-stepping finite element analysis, the rotor is moved from its central position for
a short period of time. There are several possibilities to choose the type of excitation pulse.
Regardless of the type of pulse, the parameters describing the pulse can be derived from the
excitation requirements. First of all, it is required that all frequencies within the studied whirling
frequency range are excited. This requirement defines the duration of the pulse. In the calculations,
the length of the used excitation pulse was typically 0.01 s. The duration and amplitude of the pulse
define the amount of energy which is given to the system. However, if the excitation pulse has too
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big amplitude, the forces are no longer linear functions of displacement. In this thesis, the
amplitudes used for the excitation pulse have been 10-20 % of the air gap length.
The electromagnetic forces are calculated in the time-stepping finite element analysis at each
time step. Despite having a goal of short calculation times, the required simulation time in the
analysis is quite long. Typically, 1 s of simulation time was used in the analysis presented in this
thesis. The advantage of the method is that one finite element simulation gives the forces for a wide
whirling frequency range.
The frequency response of the force is calculated using spectral analysis technique as a ratio of
response (time history of the forces) and excitation (excitation pulse in time domain), both
transferred into the frequency domain. The frequency response function gives the electromagnetic
forces per whirling radius as a function of the whirling frequency. Assuming the spatial linearity,
the force for a specified whirling radius is easy to calculate from the frequency response function
FRF by multiplying it by the whirling radius. The results of the verification of the impulse method
are presented in Chapter 5.
Conclusions
In this Chapter, new methods of analysis are presented. The multi-slice model is originally
developed to model the rotor skew. In this thesis it is used to model the conical motion of the rotor.
In the multislice model, the 3D effects are included into the 2D FEM by taking a set of cross
sections of the motor perpendicular to the stator axis and coupling the slices together.
An impulse method is developed to calculate the forces between the rotor and stator when the
rotor is performing eccentric motions with respect to the stator. The advantage of the method is that
from one finite element simulation the electromagnetic forces are obtained for a wide whirling
frequency range.
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4. Measurements
The developed methods of analysis are validated by measurements. In this chapter, the
measurements of the electromagnetic forces on the whirling motion are briefly described. The
measurement set-up and the procedure followed for the force measurement have been carried out by
Arkkio et al. (2000). The measurements and the results of the measurements are presented in
publications P7, P8 and discussed briefly in Chapter 5.
The test motor is a 15 kW four-pole cage induction motor. The main parameters of the motor
are given in Table I and the quarter of the cross sectional geometry is shown in Figure 4.1. The test
motor was equipped with active magnetic bearings (AMB) to measure the forces and to create the
whirling motion of the rotor. Only radial bearings were installed. The electrical motor itself acts as
an axial bearing. The radial bearings were ordinary eight-pole heteropolar bearings with bias-
current linearisation. The magnetic-bearing operation and the parameters of this particular bearing
type are listed by Lantto (1999).
TABLE I
THE MAIN PARAMETERS OF THE TEST MOTOR.
Parameter
Number of poles 4
Number of phases 3
Number of parallel paths 1
Outer diameter of stator [mm] 235
Core length [mm] 195
Inner diameter of stator [mm] 145
Airgap length [mm] 0.45
Number of stator slots 36
Number of rotor slots 34
Connection Delta
Skew 0
Rated voltage [V] 380
Rated frequency [Hz] 50
Rated current [A] 28
Rated power [kW] 15
Figure 4.1. The Cross sectional geometry of the test motor.
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Because of the mechanical tolerances, the test motor was not perfectly aligned with the
magnetic position sensors in either the rotor or the stator. This misalignment is compensated for by
defining the rotor trajectory by following the calibration procedure (Simon, 1999).
Before doing the force measurement for the conical rotor motions, one extra calibration was
performed. The trajectory of the rotor was determined in such a way that the total force acting on
the rotor was zero (i.e. F1 = -F2 in Figure 4.2). Then, the centre point of the rotor is concentric and
the conical motion only causes the moment of the force about the centre point of the rotor.
F2
Bearing 2
l1 l2
Bearing 1 
F1
Figure 4.2. Axial rotor geometry of the test motor.
● centres of the bearing magnets
○ centres of the position sensors
the forces acting on the magnetic bearings
In Figure 4.2, F1 and F2 are the forces acting on the centres of the bearing magnets and l1 =
0.2725 m and l2 = 0.2475 m are the distances from the centres of the bearing magnets to the centre
point of the rotor.
The effect of inertia forces was eliminated by subtracting the forces obtained in similar
conditions without the voltage supply to the rotor from the forces obtained with the voltage supply.
According to the results presented in Reference (Arkkio et al., 2000), the measurement
procedure seems to be accurate. As a result of the measurement, one gets the forces acting on both
bearing magnets. In the measurement of the conical whirling motion, the force is assumed to act on
the centres of the magnets.
Conclusions
In this chapter, the measurement of electromagnetic forces and the moment of the force about
the centre point of the rotor is presented and discussed. The measurement is used for the validation
of the methods of analysis and to verify the superposition principle of the forces.
The used measurement procedure seems to be accurate when the forces acting between the rotor
and stator are measured. The use of active magnetic bearings gives the possibility of controlling the
eccentric movements of the rotor accurately and the forces can also be measured at the same time.
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5. Discussion of the results
In this chapter, the results of the calculations and measurements are introduced shortly and
discussed. The chapter is based on Publications P2, P3, P4, P5, P6, P7 and P8. The verification
results of the impulse method are presented at the beginning of this chapter. Then, the results of the
analysis of the rotor eccentricity are discussed, focusing on the effects of the circulating currents
and the magnetic saturation. Last but not least, in the final section in this chapter the results of the
analysis when the conical motions of the rotor are studied.
Verification of the impulse method
The use of the impulse method in the calculation of electromagnetic forces, or in actuality the
frequency response of the force, is verified by the conventional calculation in Publication P3. In the
conventional calculation, called the forced whirling method, the centre point of the rotor is forced to
move along a circular path with a certain radius and with a certain frequency (Arkkio et al., 2000).
The method is really time consuming when the forces are studied as a function of the whirling
frequency. The radial and tangential components of the electromagnetic force obtained by these two
methods and presented in Figure 5.1 have excellent agreement. The forced whirling method
required weeks of calculation but with the impulse method these results were obtained in a day. The
details of the 15 kW induction motor for which the calculations were performed are given in the
previous chapter.
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Figure 5.1. Electromagnetic forces calculated by a forced whirling and impulse method for a 15 kW
induction motor at rated load (s = 3,2%). The results of the forced whirling method are marked by
x for the radial and ○ for the tangential component. The continuous lines present the results of the
impulse method.
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The results obtained by calculations were validated by the measurements, presented in
Publications P7 and P8, and also compared with the measured results presented by Arkkio et al.
(2000). Agreement of the results is very good.
The used spectral analysis in the impulse method is quite simple. The length of the response
signal is extended by adding zeroes to the end of the signal in order to increase the frequency
resolution. Windowing or filtering is not used to improve the response signal. The exponential
window might improve the accuracy, but the effect of windowing should be taken into account in
the frequency response. The correction for the exponential windowing can only be done at a
parametric force model level (Ewins, 2000). However, the results obtained without windowing
already have very good accuracy, but with windowing, the required simulation times would be even
shorter in reaching the same accuracy (Holopainen et al., 2003).
The impulse method is based on the assumption of the spatial linearity of the electromagnetic
force. Spatial linearity is studied in Publication P4. The impulse method is very efficient in studying
spatial linearity. If the force has the spatial linearity property, the frequency response of the force is
independent of the amplitude of the excitation pulse. The results of the analysis presented in P4
show that spatial linearity is usually valid for small values of rotor displacement. However, the
closed rotor slots may break spatial linearity in some operating conditions of the motor.
Equalising currents
An eccentric rotor creates an asymmetric flux distribution that causes the forces. The nonideal
field may induce circulating currents in the rotor cage and parallel paths of the stator winding.
These currents tend to equalise the flux distribution and they may significantly reduce the
amplitudes of the radial forces. Publications P2 and P6 concentrate on these effects of equalising
currents on the electromagnetic forces. Actually, these Publications concentrate on the effects of the
circulating currents in the parallel connected stator pole pairs. The effects of circulating currents in
the rotor cage on the forces have already been presented and discussed in Publication P3. According
to the results presented in Publication P6, the circulating currents in the rotor cage have stronger
damping effects on the amplitude of the force than the circulating currents in the stator windings.
In P2, it is shown that the equalising currents cannot be induced either in the rotor cage or in the
stator windings if the rotor is performing a symmetric conical whirling motion and the interbar
currents are neglected. This is the reason why Publication P6 focuses on the cylindrical whirling
motion.
Figure 5.2 shows the frequency responses of the force for the series and parallel connected 15
kW induction motor at rated load (s = 3,2 %). The parallel connection is obtained by connecting the
pole pairs in parallel. Figure shows that parallel connection clearly reduces the amplitude of the
force and affects the direction of the force because the ratio of the radial and tangential components
is changed. The damping effects of the circulating currents in the stator windings are strongest close
to the whirling frequencies at which the currents in the rotor cage do not damp the forces.
In Publication P6, it is also shown that the geometry of the motor affects the circulating currents
and the forces. The results show that the harmonic currents in the rotor cage have a notably stronger
effect on the forces if the rotor has open slots than if the rotor slots are closed.
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Fig 5.2. The radial and tangential components of the FRF of the force at rated load for series and
parallel connected 15 kW motor.
▬x▬ series radial component, o parallel radial component
▬+▬ series tangential component, ◊ parallel tangential component
Magnetic saturation
Magnetic saturation strongly affects the magnetic field and because electromagnetic forces
depend on the field, the saturation also affects the forces. In Publication P5, the saturation effects on
the forces are studied numerically, using the developed method of analysis. According to the
results, the radial force is found to be limited by the saturation and saturation also couples the
eccentricity harmonics together.
Figure 5.3 shows a) the radial and b) the tangential component of the force at whirling
frequency 25 Hz for the linearized and normal 15 kW induction motor at no load. For a linearized
motor, the relative permeability of the iron core is constant µr = 1000. The ratio of the tangential and
radial force components changes with the voltage. This means that the saturation also affects the
direction of the force.
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Figure 5.3. The amplitudes of a) the radial and b) tangential component of the force as a function
of supply voltage at no load at 25 Hz whirling frequency for the 15 kW induction motor at no-load
condition. Marking: x – linearized, □ - normal.
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The effects of saturation are quite difficult to take into account analytically and the analytical
models can only give an approximation of the saturation effects. If saturation is neglected in the
analysis, the amplitude of the radial force is easily overestimated because of the behaviour of the
force as a function of supply voltage, as is illustrated in Figure 5.3.
Forces in conical whirling motion
The eccentric motions of the rigid rotor are studied in Publications P2, P7 and P8. The
cylindrical whirling motion, symmetric conical whirling motion or a combination of them describe
the eccentric movements of the rigid rotor in induction machines. Figure 5.4 illustrates these
eccentric motions of the rotor.
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a) cylindrical whirling motion
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∆g
stator
rotor
ωw
b) symmetric conical whirling motion
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rotor
ωw
c) a combination of the two whirling motions
Figure 5.4. The types of rigid rotor motions. ∆g is the whirling radius of the rotor.
Publication P2 focuses on the static and dynamic eccentricities, but in Publications P7 and P8,
the motions of the rotor are studied in more general whirling motion. The multi-slice model,
presented in Publication P1, is utilised in the analysis of the conical motions of the rotor. The forces
caused by these motions are also measured following the procedure presented in Chapter 4. The
calculated and measured results are compared in Publications P7 and P8.
The cylindrical whirling motion causes net force acting between the rotor and stator as is
presented in Sections above. When the rotor is performing a symmetric conical whirling motion, the
net force between the rotor and stator is zero. The force distribution is described by a moment of
force M about the centre point of the rotor. Figure 5.5 shows the calculated and measured moment
M as a function of the whirling frequency for the 15 kW induction motor at no load and supplied by
a 230 V voltage when the rotor is performing a symmetric conical whirling motion with a whirling
radius 20 µm. The calculated moment is constant within the studied whirling frequency range but
the measured moment depends on the frequency. The explanation for this behaviour may be the
interbar currents. The test motor has an aluminium cast cage rotor. The resistance between the bars
through the rotor sheet stack is not infinite and circulating currents can flow in the end parts of the
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rotor cage through the rotor stack from bar to bar. The used multi-slice model neglects the interbar
currents.
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Figure 5.5. Moments in symmetric conical whirling motion with whirling radius 20 µm.
―●— measured and —x— calculated
One goal of the study of conical motions was to investigate the superposition for the forces
when the rotor is performing a combined cylindrical and conical whirling motion. This means that
the forces calculated for the cylindrical and conical motion can be superposed to obtain the force for
the combined motion. Despite the difference between the measured and calculated moment of force,
both the calculated and measured results show that the superposition is valid for combining the
forces of different whirling motions. The results in Publication P8 also show that the superposition
of the forces is independent of the type of whirling motion and whirling frequency. In fact, the
result is to be expected because of the spatial linearity of the force.
Three slices are used in the multi-slice finite element analysis to model the conical motions of
the rotor. A bigger number of slices would improve the accuracy but the size of the problem in the
finite element analysis may become too large to solve.
Conclusions
In this Chapter, the main results of this thesis are presented and discussed briefly. The impulse
method is verified by conventional calculation. The results show excellent agreement. The method
is also validated by comparing the calculated results with the measured ones with very good
agreement.
The impulse method is based on the assumption of spatial linearity of the force. Spatial linearity
is studied by calculating the frequency responses of the forces with different excitation impulses. If
the spatial linearity is valid, the frequency response is independent of the excitation pulse. It is
shown that the forces are usually linear in proportion to the rotor displacement. However, the closed
rotor slot may break the spatial linearity in some operating conditions of the motor.
The effects of equalising currents and saturation on the forces are studied. The equalising
currents reduce the amplitude and change the direction of the force. The type of windings and the
geometry of the machine affect the equalising currents. The saturation limits the maximum
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amplitude of the force and also affects the direction of the force. The saturation couples the
eccentricity harmonics together.
The electromagnetic force in the symmetric conical whirling motion is presented by the moment
of force about the centre point of the rotor. The electromagnetic forces of the different whirling
motions can be superposed and the result is the force of the combined motion.
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6. Summary
In the study, the electromagnetic forces acting between the stator and eccentric rotor are studied.
The methods of analysis are developed in order to obtain accurate results for different whirling
motions, including the conical motion, of the rotor. The multi-slice finite element analysis is used to
take the axial variations of the magnetic field into account. The axial variations are considered by
coupling a set of slices cut by planes perpendicular to the shaft. The slices are connected together by
forcing the rotor-bar and stator-winding currents to be continuous from slice to slice.
The impulse method is developed to calculate the frequency response of the force. The impulse
method is applied to the finite element analysis by moving the rotor from its central position for a
short period of time. The displacement excitation disturbs the magnetic field and produces the
forces between the rotor and stator. The frequency response of the force is calculated from the
excitation and response signals. The advantage of the impulse method is that in one simulation the
forces are obtained for a wide whirling frequency range. The forces calculated by the impulse
method are compared with those calculated by conventional computation. The results show very
good agreement.
The use of the impulse method is based on the assumption of the spatial linearity of the force.
Spatial linearity is investigated by calculating the frequency responses of the force for different
amplitudes of excitation pulses. If the system is linear, the response is independent of the excitation
pulse. The results show that spatial linearity is usually valid for small values, up to 20 – 40 % of the
air gap length depending on the motor geometry and loading condition, of displacement. However,
the closed rotor slots may break the linearity in some operating conditions of the motor.
The developed methods of analysis are used to analyse the rotor eccentricity. The effects of
equalising currents and saturation on the forces are studied. The equalising currents reduce the
amplitude of the force and change the direction of the force. The type of stator windings and motor
geometry affect the equalising currents and forces. The saturation limits the maximum radial force
and also couples the eccentricity harmonics together.
The multi-slice model is exploited in modelling the conical motions of the rotor. The forces are
measured for the test motor equipped with the active magnetic bearings. The active magnetic
bearings are used to generate the eccentric motions and also to measure the electromagnetic forces.
The computed and measured forces show relatively good agreement. Both the measured and
calculated results show that the forces of different whirling motions can be superposed and the
result is the force for the combined motion.
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